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Minimum Heat Input Optimal Skip Entry
into Venus Atmosphere

A. Marinescu¤ and S. Ilin†

National Institute of Aerospace Research, Bucharest 77538, Romania

We present the optimal skip entry into Venus atmosphere of a space vehicle with minimum total heat input. The
motion of the lifting body vehicle follows a plane � ight path, and the variation of the Venus density with altitude
has an exponential law. The variationalproblem is a Lagrange problem, which becomes a bilocal problem and can
be solved numerically with the transition matrix method. The numerical applications have practical interest for
the vehicle’s evolutions into Venus atmosphere.

Nomenclature
CD = drag coef� cient
C 0

f = skin-friction coef� cient
CL = lift coef� cient
D = drag force [D D .½=2/SV 2CD]
dqm=dt = mean � ux, .C 0

f =4/½V 3

g = gravity acceleration
L = lift force [L D .½=2/SV 2CL ]
l = length of reference
m = vehicle’s mass

Q = SV

t f

ti

.dqm=dt/ dt

Re = Reynolds number, .½V l=¹/
R0 = planet radius
r = vehicle vector radius
S = surface of reference
SV = vehicle surface area
V = vehicle velocity
x = distance on horizontal
z = altitude
¯ = constant in de� nition of the

density variation with the altitude
µ = � ight-path angle
¹ = dynamic viscosity
½ = density, ½0e¡¯z

Introduction

R ESEARCH on the Venus high atmosphere, as well as on its
relief, may be carried out by an instrumentedvehicle for mea-

surements and imagery. This instrumented vehicle, achieved as a
lifting body with thermal protection, would descend into the at-
mosphere from a circular orbit, complete an evolution on a skip
bidimensional � ight path, and return on the initial orbit.

As we examine the atmospheric phase, we note that the problem
of optimization of the space vehicle’s entry into the Venus atmo-
sphere, in its various aspects, is of primary concern. One aspect
of atmosphere entry optimization is minimization of the total heat
input, which is of practical interest.

This work deals with the determination of the optimal law mo-
tion parameters variation and the control variable, so that the ve-
hicle completes an evolution on the skip � ight path with minimum
heating.

We consider the convection heat transfer to be dominant and the
variation of the skin-friction coef� cient with the Reynolds number
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to have no signi� cant in� uence on the motion parameters.1 The
variation of density with the altitude is considered according to an
exponential law established based on the measurements performed
by the station Venus-8.

Motion Equations
Considering the µ � ight-path angle positive at the descent and

negative at the ascent, with the approximation r D R0 C z ¼ R0,
the motion equations for two-dimensional entry can be written as
follows:

m
dV

dt
D ¡½

2
SV 2CD C mg sin µ

(1)

¡mV
dµ

dt
D ½

2
SV 2CL ¡ m g ¡

V 2

R0
cosµ

to which are added the cinematic equations

dz

dt
D ¡V sin µ;

dx

dt
D V cos µ (2)

Supposing the vehicle entry with small angles and with lift force
other than zero, and neglecting the small terms, the system of equa-
tions thatgovernsthemotion canbekeptwith theEggersassumption
in the form

dV

dt
D ¡

SCD

2m
½V 2;

dz

dt
D ¡V sin µ

(3)
dµ

dt
D ¡

SCL

2m
½V ;

dx

dt
D V cos µ

Variational Problem
For skip entry study, the � rst three equations of Eq. (3) will be

used rewritten as

ÁV D dV

dt
C

SCD

2m
½V 2 D 0; Áµ D dµ

dt
C

SCL

2m
½V D 0

(4)

Áz D dz

dt
C V sin µ D 0

Because the skip entry is shallow, adopting the model of laminar
heat transfer and supposing that the variation of the skin-friction
coef� cient with Reynolds number does not signi� cantly in� uence
the motionparameters,1 the vehicle total heat input can be expressed
as

Q D
SV C 0

f

4

t f

ti

½V 3 dt (5)

The variational problem is to � nd the optimal variational laws of
the motion parameters and controlvariableCL so that the functional
equation (5) becomes minimal with Eq. (4) conditions.
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Taking into account Eqs. (4) and (5) and using the Lagrange
multipliers ¸V , ¸µ , and ¸z , the function

H D ½V 3 C ¸V ÁV C ¸µ Áµ C ¸zÁz (6)

is formed. Considering the exponential law for the density

½ D ½0e
¡¯z

with vehicle parabolic drag

CD D CD0 C kC2
L

Euler’s equations

@ H

@V
¡ d

dt
@ H

@.dV =dt/
D 0;

@ H

@µ
¡ d

dt
@ H

@.dµ=dt/
D 0

(7)
@ H

@z
¡ d

dt
@ H

@.dz=dt/
D 0;

@ H

@CL
D 0

lead to the differential equations system

d¸V

dt
D 3½0e¡¯z V 2 C ¸V

½0 S

m
CD0 C kC 2

L

£ e¡¯ z V C ¸µ

½0 S

2m
CL e¡¯z C ¸z sin µ

d¸µ

dt
D ¸z V cosµ (8)

d¸z

dt
D ¡¯½0e¡¯z V 3 ¡ ¸V ¯

½0S

2m
CD0 C kC2

L

£ e¡¯ z V 2 ¡ ¸µ ¯
½0 S

2m
CL e¡¯z V

and the algebraic equation

CL D ¡ ¸µ

2¸V kV
(9)

Taking into account expression (9) for CL and using the notation
a D .½0S/=2m, system (8) becomes

d¸V

dt
D 3½0e¡¯z V 2 C 2¸V ae¡¯z V CD0 C ¸z sin µ

d¸µ

dt
D ¸z V cosµ (10)

d¸z

dt
D ¡¯e¡¯z ½0V 3 C aV ¸V V CD0 C ¸µ

2
CL

Extremum Nature Analysis
For the extremum nature analysis let us use, for simpli� cation,

the state variables and their derivatives in time as follows:

V D x1;
dV

dt
¡ Px1I µ D x2;

dµ

dt
D Px2

(11)

z D x3;
dz

dt
D Px3

The Legendre conditions for a weak minimum can be written as

@2 H

@ Px2
1

¸ 0

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

(12)

@ 2 H

@ Px2
1

@2 H

@ Px1@ Px2

@2 H

@ Px1@ Px3

@ 2 H

@ Px2@ Px1

@2 H

@ Px2
2

@2 H

@ Px2@ Px3

@ 2 H

@ Px3@ Px1

@2 H

@ Px3@ Px2

@2 H

@ Px2
3

¸ 0

The function H can be seen from Eq. (6) to have a linear depen-
dence with Px1, Px2 , and Px3 so that the Legendre conditionsfor a weak
minimum are ful� lled. To demonstratethe Weierstrassconditionfor
a strong minimum, let us consider the function

E D H x; u¤; ¸;
dx¤

dt
¡ H x; u; ¸;

dx

dt

¡ dx¤

dt
¡ dx

dt

@ H .x; u; ¸; dx=dt/

@.dx=dt/

T

(13)

where values with asterisks represent the variables on the extremal
and where

¸ D .¸V ; ¸µ ; ¸z/; u D CL

(14)
x D .x1; x2; x3/ D .V ; µ; z/

After calculation we have

E D ¸V SkV 2

2m
¡ C¤

L ¡ CL
2

(15)

The numerical calculi show that ¸V > 0 and ¸µ < 0, and for this
reason

E > 0 (16)

The Weierstrass condition for a strong minimum is satis� ed, and in
addition, from Eq. (9) we have the result that CL > 0, this condi-
tion being necessary for the skip entry. The variational problem so
formulated has sense and is indeed a problem of minimum.

Calculus of the Optimal Variation Laws
of the Motion Parameters

To resolve the presented problem, the six differential equations
(4) and (10) with six unknown functions V , µ , z, ¸V , ¸µ , and ¸z

must be solved.The state variablesand the independentvariable are
considered to be given in the initial moment:

Vi D V .ti /; µi D µ.ti /; zi D z.ti /; ti D 0 (17)

with ¸Vi , ¸µi , and ¸zi unspeci� ed.
At the end of the evolution, the � nal condition is

z f D zi (18)

with the variables V f , µ f , and t f unspeci� ed. Usually V f is pre-
scribed because this simpli� es the calculus, but without suf� cient
speci� c information for Venus it is dif� cult to prescribe this value.
As for the variables ¸V f , ¸µ f , and ¸z f , these can result from the
transversalityconditionwritten in general form with notations from
Eq. (11):

H ¡
3

j D 1

Px j
@ H

@ x j
±t C

3

j D 1

@ H

@ Px j
±x j

f

i

D 0 (19)

Based on this and because ±z D 0 (z f is known), we have

¸v f D ¸µ f D 0
(190)

H ¡ ¸º

dV

dt
¡ ¸µ

dµ

dt
¡ ¸z

dz

dt

f

D 0

or

¸v f D ¸µ f D 0; ¸z f D
½0e¡¯ z f V 2

f

sin µ f

The problem so formulated is a bilocal problem2;3 and presents
the characteristic dif� culty for this type of problem: The solution
of the differential equations (10) cannot be obtained by a simple
integration because the initial values are not known. The problem
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can be numerically resolvedwith the transition matrix method.2 We
use the notation

[ K ] D
¸1

¸2

¸3

(20)

for the column vector [¸V ¸µ ¸z]T , where [K i ] represents the ini-
tial values vector and [ K f ] the � nal values vector. A variation
[± K i ]T D .±¸1i ; ±¸2i ; ±¸3i / of the initial values vector gives a vari-
ation [± K f ]T D .±¸1 f ; ±¸2 f ; ±¸3 f / of the � nal values vector. The
transition matrix [T ] is de� ned as

[± K f ] D [T ][± K i ] (21)

and, inversely,

[± K i ] D [T ]¡1[± K f ] (22)

The transitionmatrix can be calculatedwith [ K ] equationsin pertur-
bation that are simultaneously integrated with the optimality equa-
tions (4), (9), and (10). The equations in perturbation are obtained
from Eqs. (10) by differentiation. If system (10) is written

d¸k

dt
D fk .V; µ; z; ¸1; ¸2; ¸3; CL /; k D 1; 2; 3 (23)

then the equations in perturbation are

d.±¸k/

dt
D

3

j D 1

@ fk

@¸ j
±¸ j C @ fk

@CL
±CL

or in another form,

d.±¸V /

dt
D 2ae¡¯z V CD0±¸V C sin µ±¸z

d.±¸µ /

dt
D V cos µ±¸z (24)

d.±¸z/

dt
D ¯ae¡¯z V V CD0±¸V C CL ±¸µ ¡ 1

2

¸µ

¸V
±¸V

To determine the matrix of transition, let us � rst remark that a varia-
tion as [±¸1i 0 0]T producesa variation [±¸1 f ±¸2 f ±¸3 f ]T so that

t11 D ±¸1 f

±¸1i
; t21 D ±¸2 f

±¸1i
; t31 D ±¸3 f

±¸1i

namely, the elements of column j from matrix [T ] represent ex-
actly the variations [± K f ] for an unitary variation of the variable
¸ ji ; the other variations of vector [K i ] begin null. Integrating three
times Eqs. (24), together with the optimality system and the initial
conditions

±¸ ji D ± j k; j D 1; 2; 3; k D 1; 2; 3 (25)

where ± jk is the Kronecker delta, we obtain

t1k

t2k

t3k

D
±¸1 f

±¸2 f

±¸3 f

(26)

Because vector [ K f ] is known, the following algorithm is used:
1) With [ K i ]old values,which initiallyhad been arbitrarilychosen,

the matrix of transition is calculated as shown earlier.

2) The matrix of transition is inverted.
3) Vector [± K f ] D [ K f c] ¡ [ K f e] is calculated, where [K f c] is

the vector calculatedby integrationand [K f e] is the vector of accu-
rate values.

For the calculusof ¸3 f D ¸z f , it is taken into account that ¸1 f and
¸2 f are not the accurate values and represent the calculated values,
and as a result

¸z f D
H ¡ ¸1.dV =dt/ ¡ ¸2.dµ=dt/

dz=dt
f

(27)

4) In general, [± K f ] is not suf� ciently small; thus, step 5 must be
restated.

5) Calculate [± K i ] using Eqs. (22).
6) Reevaluate vector [K i ] as

[K i ]new D [K i ]old ¡ "[T ]¡1[± K f ] (28)

where " is a positivenumber less than one introducedto compensate
the linear approximation that modi� es its value from one iteration
to the other, tending to zero.

Farther away, the iterative process was taken again, starting step
1 with the [K i ] values so modi� ed, the process continuing until
" ! 0.

Fig. 1 Ratio of the velocity optimal variation and the initial velocity.

Fig. 2 Optimal variation of the � ight-path angle µ.

Fig. 3 Ratio of the altitude optimal variation and the initial altitude.
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Fig. 4 Optimal variation of the CL/CD ratio.

Numerical Application
For better development of the calculations and to facilitate the

choice of the initial values of the unspeci� ed parameters, the fol-
lowing nondimensionalparameters were used:

V ¤ D .V=Vi /; µ¤ D µ; z¤ D .z=zi /

With the data Vi D 7000 m/s, k D 0:55, µi D 3 deg, a D 0:03 m¡1,
zi D 1:35 £ 105 m, ¯ D 1:493 £ 10¡4 m¡1 , CD0 D 0:02, and
½0 D 6:645 kg s2 m¡4, the calculation was performed according

to the described algorithm. The results are shown in Figs. 1–4. In
Fig. 1, the ratio of the velocity optimal variation and initial velocity
is shown, and we see an almost linearvariationof this ratio. In Fig. 2
optimal variationof the � ight-pathangle µ is shown, and we see this
angle change sign in the minimum altitude region. In Fig. 3 the ratio
of the altitude optimal variation and the initial altitude is shown. In
Fig. 4 the optimal ratio CL =CD is shown, and we see that the initial
value of CL =CD is small.

Conclusions
Note that the velocity loss at the end of the evolution is greater

compared with the current evolutions in the Earth atmosphere and
the minimum altitude and the evolution time are also greater. This
seems easy to explain due to the higher density of the Venus atmo-
sphere.The CL =CD ratio, at its maximum value, should be inscribed
with the achievable values concerning the lifting bodies.
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